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Abstract: Let G be a connected graph. For any two vertices u and v, let d(u,v) denotes 
the distance between u and v in G. The maximum distance between any pair of vertices is 
called the diameter of G and is denoted by diam(G). A Smarandachely k-radio labeling of 
a connected graph G is an assignment of distinct positive integers to the vertices of G, with 
x € V(G) labeled f(x), such that d(u,v) + |f(u) — f(v)| > k+diam(G). Particularly, if 
k = 1, such a Smarandachely radio k-labeling is called radio labeling for abbreviation. The 
radio number rn(f) of a radio labeling f of G is the maximum label assignment to a vertex 
of G. The radio number rn(G) of G is minimum {rn(f)} over all radio labelings of G. In 


this paper, we completely determine the radio number of the graph P? for all n > 4. 
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AMS(2010): 05078, 05C12, 05C15 


81. Introduction 


All the graphs considered here are undirected, finite, connected and simple. The length of a 
shortest path between two vertices u and v in a graph G is called the distance between u and vu 
and is denoted by dg(u,v) or simply d(u,v). We use the standard terminology, the terms not 
defined here may be found in [1]. 

The eccentricity of a vertex v of a graph G is the distance from the vertex v to a farthest 
vertex in G. The minimum eccentricity of a vertex in G is the radius of G, denoted by r(G), 
and the of maximum eccentricity of a vertex of G is called the diameter of G, denoted by 
diam(G). A vertex v of G whose eccentricity is equal to the radius of G is a central vertez. 


For any real number x, [x] denotes the smallest integer greater than or equal to x and |x| 
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denotes the greatest integer less than or equal to x. We recall that k‘” power of a graph G, 
denoted by G* is the graph on the vertices of G with two vertices u and v are adjacent in G* 
whenever d(u,v) < k. The graph G? is called a cube of G. 


A labeling of a connected graph is an injection f : V(G) — Z*, while a Smarandache k- 
radio labeling of a connected graph G is an assignment of distinct positive integers to the vertices 
of G, with « € V(G) labeled f(x), such that d(u, v)+|f(u)— f(v)| => k+diam(G). Particularly, 
if k = 1, such a Smarandache radio k-labeling is called radio labeling for abbreviation. The 
radio number rn(f) of a radio labeling f of G is the maximum label assigned to a vertex of G. 
The radio number rn(G) of G is min{rn(f)}, over all radio labelings f of G. A radio labeling 
f of G is a minimal radio labeling of G if rn(f) = rn(G). 


Radio labeling is motivated by the channel assignment problem introduced by Hale et al 
[10] in 1980. The radio labeling of a graph is most useful in FM radio channel restrictions to 
overcome from the effect of noise. This problem turns out to find the minimum of maximum 


frequencies of all the radio stations considered under the network. 


The notion of radio labeling was introduced in 2001, by G. Chartrand, David Erwin, Ping 
Zhang and F. Harary in [2]. In [2] authors showed that if G is a connected graph of order 
n and diameter two, then n < rn(G) < 2n — 2 and that for every pair k,n of integers with 
n<k <2n-— 2, there exists a connected graph of order n and diameter two with rn(G) = k. 
Also, in the same paper a characterization of connected graphs of order n and diameter two 
with prescribed radio number is presented. 


In 2002, Ping Zhang [15] discussed upper and lower bounds for a radio number of cycles. 
The bounds are showed to be tight for certain cycles. In 2004, Liu and Xie [5] investigated 
the radio number of square of cycles. In 2007, B. Sooryanarayana and Raghunath P [12] have 
determined radio labeling of cube of a cycle, for all n < 20, all even n > 20 and gave bounds 
for other cycles. In [13], they also determined radio number of the graph C4, for all even n and 
odd n < 25. 


A radio labeling is called radio graceful if rn(G) =n. In [12] and [13] it is shown that the 
graph C? is radio graceful if and only if n € {3,4,5,6,7,9, 10, 11, 12, 13, 18,19} and C% is radio 
graceful if and only if n € {3, 4,5, 6,7, 8,9, 11, 12, 13, 14, 15, 16, 17, 23, 24, 25}. 

In 2005, D. D. F. Liu and X. Zhu [7] completely determined radio numbers of paths and 
cycles. In 2006, D. D. F. Liu [8] obtained lower bounds for the radio number of trees, and 
characterized the trees achieving this bound. Moreover in the same paper, he gave another 
lower bound for the radio number of the trees with at most one vertex of degree more than two 
(called spiders) in terms of the lengths of their legs and also characterized the spiders achieving 
this bound. 


The results of D. D. F. Liu [8] generalizes the radio number for paths obtained by D. D. F. 
Liu and X. Zhu in [7]. Further, D.D.F. Liu and M. Xie obtained radio labeling of square of paths 
in [6]. In this paper, we completely determine the radio labeling of cube of a path. The main 
result we prove in this paper is the following Theorem 1.1. The lower bound is established in 
section 2 and a labeling procedure is given in section 3 to show that the lower bounds achieved 
in section 3 are really the tight upper bounds. 
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Theorem 1.1 Let P? be a cube of a path on n (n> 6 andn #7) vertices. Then 


2 


att if n=0 (mod 6) 
n?—2n+19 if n=1 (mod 6) 
ntentl0 if n= 2 (mod 6) 
ars if n =3 (mod 6) 
ni=2nt168 ifn =A (mod 6) 


nt2nt13 if nm =5 (mod 6) 


We recall the following results for immediate reference. 
Theorem 1.2(Daphne Der-Fen Liu, Xuding Zhu [6]) For any integer n > 4, 


2k7+3, if n=2k+1,; 


rn(P,) = 
2k? -2k+2 if n=2k 


Lemma 1.3(Daphne Der-Fen Liu, Melanie Xie [7]) Let P? be a square path on n vertices with 
k= |%). Let {x1,29,...,a,} be a permutation of V(P2) such that for anyl <i<n—2, 


min{dp, (ti, 2i41), dp, (i41,Vit2) Sk +1, 


and if k is even and the equality in the above holds, then dp,(ai,vi41) and dp, (%i41, Vi+2) 
have different parities. Let f be a function, f : V(P?) — {0,1,2,...} with f(a1) = 0, and 
f(xini) — f(s) =k +1—-d(aj, 2441) for alll <i<n-—1. Then f is a radio-labeling for P?. 


§2. Lower Bound 


In this section we establish the lower bound for Theorem 1.1. Throughout, we denote a path 
on 7 vertices by P,, where V(P,) = {v1, v2, 03 -.,Un} and E(P,) ={ojviga | 2 = 1,2,...,.n—-1}. 
A path on odd length is called an odd path and that of even length is called an even path. 


Observation 2.1 By the definition of P?, for any two vertices u, v € V(P3), we get 


dpg(u,v) = | “2€4")) and diam(P3) = [234] 


Observation 2.2 An odd path P 2,41 on 2k + 1 vertices has exactly one center namely vz 41, 


while an even path P2, on 2k vertices has two centers vz, and vz4+1. 


For each vertex u € V(P3), the level of u, denoted by I(u), is the smallest distance in P,, 
from u to a center of P,. Denote the level of the vertices in a set A by L(A). 


Observation 2.3 For an even n, the distance between two vertices v; and v; in P? is given by 


their corresponding levels as; 
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[ Mea steal) whenever 1 < i,j < % or 2? <i,j 
d(vi, vj) = ) 


Koettusder otherwise 
3 ? 


Observation 2.4 For an odd n, the distance between two vertices v; and v; in P? is given by 
their corresponding levels as; 


[Meo ste | whenever 1 < i,j < or 4 <ij<n 


d(u;, v;) _ (2) 


| iets) | , otherwise 


Observation 2.5 If n is even, then 
)) = {4-1,$-2,...,2,1,0,0,1,2,...,4-2,2-1}. 


Therefore 


S- (vi) =2 [1+ 240-45 i]=s 45 (\ ous (3) 


uj,EV (P3) 


Observation 2.6 If n is odd, then 


LV (2) = ee ee 2 Lies a ee 
Therefore 
n—-1 n-1f{n+l1 n?—1 
Ns meer = = 4 
S> lui) 2fia24 oa ; { ° \ ; (4) 
viEV(P3) 
Let f be a radio labeling of the graph P3. Let 71,22, . . . , 2m be the sequence of the 


vertices of P? such that f(xi41) > f(ai) for every i,1 <i<n—J1. Then we have 


f(@e41) — f(ws) > diam(P?) + 1 - d( a4, 2) (5) 


for every 1,1 <i<n-1. 


Summing up n — 1 inequalities in (5), we get 


SU (ein) - Flea] =F tdiam(P2) +1 — Vo doer.) (6) 


The terms in the left hand side of the inequality (6) cancels each other except the first and 
the last term, therefore, inequality (6) simplifies to 


f (tn) — f(@1) 2 (n— 1)[diam(P) + 1] - Ss U(ai415 0%) (7) 
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If f is a minimal radio labeling of P?, then f(x1) = 1 (else we can reduce the span of f 
by f(@n) — f(v1) +1 by reducing each label by f(#1) — 1). Therefore, inequality (7) can be 


written as 


f(tn) > (n — 1)[diam(P3) + 1] — a d(ai41, 03) (8) 


By the observations 2.3 and 2.4, for every 7, 1 <i<n-—1 it follows that 


dainisa) < Ae vie) a5 | < Aen) Fa) 14 (9) 


whenever n is even. And 


Vase (wis) + Ue) | ¢ Min) + ai) | (10) 
3 3 3 
whenever n is odd. 
Inequalities (9) and (10), together gives, 
n—1 _ 
a I a 
S> d( (iy te) y a a +1) 7 (2%) +4] 
i=1 i=1 
where & = 1, if n is even and k = 2 if n is odd. 
> o> A(xi41,%i1) < =*X 2D ley (x;) (U(an) + l(ai)] + k(n — 1) 
i=1 
n—1 2 n 1 
=> odtinai) < 3 Solas) + k(n 1) 3 (x1) + Urn) (11) 
i=1 i=1 


From the inequalities 8 and 11, we get 


n 


Flan) > (mV ldiam(PS) +1] — 5 YU) +1 - k(n) + 5 fer) + Un) 


i=l 


=> f(£n) > (n— 1)diam(P?) — 5 le) +14+(1-—k)(n-1)4 : (U(a1) + U(ap)] (12) 


We now observe that the equality between the second and third terms in (9) holds only if 
U(xi41) + U(a;) = 0 (mod 3) and the equality between the second and third terms in holds only 
if(10) U(ai41) + l(a;) = 1 (mod 3). Therefore, there are certain number of pairs (#;41,7;) for 
which the strict inequality holds. That is, the right hand side of (9) as well as (10) will exceed 
by certain amount say €. Thus, the right hand side of (12) can be refined by adding an amount 


€ as; 
nm 


f(an) > | (n —1)diam(P3) — = So Ua) +14+(1-—k)(n—-1+n+6€ (13) 


i=l 
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where 7 = 3 [I(2i) + U(xi41)]- 


We also see that the value of € increases heavily if we take a pair of vertices on same side of 
the central vertex. So, here onwards we consider only those pairs of vertices on different sides 


of a central vertex. 


Observation 2.7 All the terms in the right side of the inequality (13), except € and n, are 
the constants for a given path P,,. Therefore, for a tight lower bound these quantities must be 
minimized. If n is even, we have two cental vertices and hence a minimal radio labeling will start 
the label from one of the central vertices and end at the other vertex, so that I(z1) = I(x») = 0. 
However, if n is odd, as the graph P,, has only one central vertex, either I(a1) > 0 or U(a,) > 0. 
Thus, 7 > 0 for all even n, and 7 > $ for all odd n. 


The terms 7 and € included in the inequality (13) are not independent. The choice of 
initial and final vertices for a radio labeling decides the value of 7, but at the same time it (this 
choice) also effect € (since € depends on the levels in the chosen sequence of vertices). Thus, 


for a minimum span of a radio labeling, the sum 7+ € to be minimized rather than 7 or €. 


Observation 2.8 For each j, 0 < j < 2, define L; = {v € V(P3)|l(v) = j(mod 3)} and for 
each pair (x41, 2i),1 <i<n-—1 of vertices of V(P3), let 


é,= { festa i} [Peg]. if n is even, or 
bd { Hessa) tie) 2 [ ee) if n is odd. 


3 


Then there are following three possible cases: 


Possibility 1: Either (7) both xj41,2; € Lo or (ti) one of them is in Ly; and the 
other is in Lg. In this case 


0, if nis even 
z, if nis odd 


é= 


Possibility 2: Either (i) both #j41,2; € Le or (ii) one of them is in Lo and the 
other is in L;. In this case 


1 . . 
3, if nis even 


0, if nis odd 


&= 


Possibility 3: Either (i) both x;41,2; € Ly or (ii) one of them is in Lo and the 
other is in Lg. In this case 


if nis even 


2 

? 
ae ore 

3, tf nis o 
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Observation 2.9 For the case n is even, the Possibility 1 given in the Observation 2.8 holds for 
every pair of consecutive vertices in the sequence of the form either lg, , a5, la3; Tags lassTags+*> 
oF 13, , 7,5 b 855 Tyo5 1855 7y35+++>, Where ly,, 1g,, ly, denote the vertices in the left of a central vertex 
and at a level congruent to 0, 1, 2 under modulo 3 respectively, and, ra,,rg,, ry; denote the 
corresponding vertices in the right side of a central vertex of the path P,. The first sequence 
covers only those vertices of P? which are at a level congruent to 0 under modulo 3, and, 
the second sequence covers only those vertices of LZ; (or Lz) which lie entirely on one side of 
a central vertex. Now, as the sequence 21, 22,...,2%n covers the entire vertex set of P?, the 
sequence should have at least one pair as in Possibility 2 (taken this case for minimum &;) to 
link a vertex in level congruent to 0 under modulo 3 with a vertex not at a level congruent to 
0 under modulo 3. For this pair £; > 3 Further, to cover all the left as well as right vertices in 
the same level congruent to i,1 <i < 2, we again require at least one pairs as in Possibility 2 
or 3. Thus, for this pair again we have €; > z Therefore, 


for all even n. 


The above Observation 2.9 can be visualize in the graph called level diagram shown in 
Figures 1 and 2. A Hamilton path shown in the diagram indicates a sequence 11,%9,..- ,2n 
where thin edges join the pair of vertices as in Possibility 1 indicted in Observation 2.8 and 
the bold edges are that of Possibility 2 or 3. Each of the subgraphs Goo, Gi,2 and Gay is a 
complete bipartite graph having only thin edges and s = [2=41. 


Figure 1: For P? when n = 0 or 2 (mod 6). Figure 2: For P? when n = 0 or 2 (mod 6). 


If€= 2 and n = 0 (mod 6), then only two types of Hamilton paths are possible as shown 
in Figures ?? and ??. In each of the case either I(a1) > 0 or l(a) > 0, therefore n > }. Hence 
n+ € > 1 in this case. 

If 7 = 0, then both the starting and the ending vertices should be in the subgraph Go. 
Thus, one of the thin edges in Goo to be broken and one of its ends to be joined to a vertex in 
Gj,2 and the other to a vertex in G2, with bold edges. These two edges alone will not connect 
the subgraphs, so to connect G2 and G21 we need at least one more bold edge. Therefore, 
€ > 1 and hence 7 + € > 1 in this case also. 
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In all the other possibilities for the case n = 0 or 2 under modulo 6, we have 7 > $ and 
€ > 4, so clearly 7+ € > 1. 

The situation is slightly different for the case when n = 4 (mod 6). In this case; 

If€= Z, then there is one and only one possible type of Hamilton path as shown in Figure 
??, so I(x1) > 0 and I(a,) > 0 implies that 7 > ¥ and hence 7 + € > §. 

Else if, 7 = 0, then two bold edges are required. One edge is between a vertex of Gj,2 and 
a vertex of Goo, and, the other edge between a vertex of G2 and a vertex of Goo (for each 
such edges €; > 3). These two edges will not connect all the subgraphs. For this, we require 
an edge between a vertex of G2 and a vertex of Gz, which can be done minimally only by 
an edge between a pair of vertices as in Possibility 3 indicated in observation 2.8 (for such an 
edge = 3). Thus, € >2x 4+2= 4. 

If € = 1, then the possible Hamilton path should contain at least either (i) one edge between 
G12 and G1, and, another edge from Go,, or, (ii) three edges from Goo. The first case is 
impossible because we can not join the vertices that lie on the same side of a central vertex 
with € = 1 and the second case is possible only if 7 > z 

Hence, for all even n, we get 


n+éE>1, if n=O0or 2 (mod 6) (14) 
nte>s, if n=4 (mod 6) (15) 


Figure 3: A Hamilton path in a level 


graph for the case n = 4 (mod 6) Figure 4: Level graph for the case n = 3 or 5 (mod 6). 


Observation 2.10 For the case n is odd, the Possibility 2 given in observation 2.8 holds for 
every pair of consecutive vertices in the sequence of the form 1g,, Ta,, gs, Tas, $63, Tag, +++3 OF 
18,1 bars TBor bass TAgs lag, +++, OF by, Ty, and Lyy, Tyo, lyz, Tyg, +++, Where ly,, Ig,, ly, denote 
the vertices in the left of a central vertex and at a level congruent to 0, 1, 2 under modulo 3 
respectively, and, rq,,rg, and r,, denote the corresponding vertices in the right side of a central 
vertex of the path P,,. Let Co be the central vertex. Then Co can be joined to one of the first 
two sequences or the first sequence can be combined with second sequence through Co. The 


third sequence covers only those vertices of P? which are at a level congruent to 2 under modulo 
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3, and, the first two sequences are disjoint. Hence to get a Hamilton path x1,2%2,...,2p, to 
cover the entire vertex set of P?, it should have at least a pair as in Possibility 3, (if the vertex 
Co combines first and second sequences) or at least two pairs that are not as in Possibility 1. 
Therefore, as the graph contains only one center vertex, 


and e>i 


> 
ve 3 


wl 


The above observation 2.10 will be visualized in the Figure 4. 

In either of the cases, we claim that 7 + € > 3 

We note here that, if we take more than three edges amongst G,9, Go,1 and G22 in the 
1 


level graphs shown in Figure 4, then € > 4 x 3, so the claim follows immediately as n > ; 


Case 1: If = 4, then I(x1) = 0, so the vertex Cp is in either first sequence or in the second 
sequence (as mentioned in the Observation 2.10), but not in both. Hence at least two edges are 
required to get a Hamilton path. The minimum possible edges amongst Gi,0, Go, and G22) 


are discussed in the following cases. 


Subcase 1.1: With two edges 
The only possible two edges (in the sense of minimum €) are shown in Figure 5. Thus, 
€>3+4 2 = §. Hence the claim. 


Co C 


Subcase 1.2: With three edges 
The only possible three edges are shown in Figures 5 and 6. In each case, € > 4. Hence 


the claim. 


Case 2: If 7 = 3, then either I(a,;) = 0 and I(a,) = 2, or, (a) = 1 and (a,) = 1. In 
the first case at least two edges are necessary, both these edges can not be as in Possibility 3 
(because two such edges disconnect Go,1 or disconnect G22 or form a tree with at least three 
end vertices as shown in Figure 7. Similar fact holds true for the second case also (Follows 
easily from Figure 8. 
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Figure 7: hamilton cycle for the case 7 = 3 Figure 8: hamilton cycle for the case 7 = 2 and 
and n = 3 or 5(mod 6). n = 3 or 5(mod 6). 


Hence € > 3 + Z. Therefore, 
5 
ea for n=3 or 5 (mod 3) (16) 
The case n = 1(mod 3) follows similarly. 


We now prove the necessary part of the Theorem 1.1. 


Case 1: n=0 (mod 6) and n>6 


Substituting the minimum possible bound for 7 + € = 1 (as in equation (14)) diam(P?) = 
[24] = #, Ve Ua) = n*—2n (follows by Observation 2.5) and k = 1 in the inequality (13), 


3 3? 4 
we get 
Flan) > |( ye 2 (n?—2n eg. 
Le n t t 
3.3 4 
2 2 
= f (an) > [FF +2| = 42 (17) 
Hence rn(P?) > sey whenever n = 0 (mod 6) and n > 6. 


Case 2: n=1 (mod 6) and n > 13 
Substituting the minimum possible bound for 7+€ = 3 (as in equation (14)), diam(P?) = 


2st] = 2S oe (ai) = “=! and k = 2 in the inequality (13), we get 


flan) > c 1) (>) ‘(==) +14 s(n 1) 4 | 
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15 
Hence rn(P?) > nant 19 whenever n = 1 (mod 6) and n > 13. 
Case 3: n= 2 (mod 6) andn>8 
Substituting the minimum possible bound for 7+ € = 1 (as in equation (14)), diam(P3) = 
[241 = 22, SE Ua) = ae and k = 1 in the inequality (13), we get 
n+1 2(n?-2n 
n) 2 1 Paee dl 
flan) > |(n- 2H - 3 (2S) 4141] 
— 2)? ~2)? 24.9n+1 
+ fen) > |S +n+4] ma) tn¢1=ett® (19) 


Hence rn(P3?) > ne beni 10: whenever n = 2 (mod 6) and n> 8. 
Case 4: n=3 (mod 6) andn>9 


Substituting 7 + € = 3, diam(P3) = ["34] 


3 Br Doin (ti) = ned and k = 2 in the 
inequality (13), we get 


Hence rn(P3) > ni tls | whenever n = 3 (mod 6) and n > 9. 


Case 5: n= 4 (mod 6) and n > 10 
Substituting the minimum possible bound for 7+ € = 4 (as in equation (15)), diam(P?) = 


(24) = 2, DE Wai) = £2" and k = 1 in the inequality (13), we get 


Fen) = [(n > 5 (=S) +143] 


3 
flan) > |[o pn] es (21) 


Hence rn(P3) > aes. whenever n = 4 (mod 6) and n > 10. 


Case 6: n=5 (mod 6) and n> 11 


Substituting 7 + € = 3, diam(G) = [2="] 
inequality (13), we get 


F(®n) 2 G ye : (==) Rises quis | = pee enss) 


=> Fltn) 2 oS + 2(n | = me) ye ee ee a (02) 


Hence rn(P?) > nites whenever n = 5 (mod 6) and n > 11. 


= uth Mets l(a) =n wee and k = 2 HERS 
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§3. Upper Bound and Optimal Radio-Labelings 


We now establish Theorem 1.1, it suffices to give radio-labelings that achieves the desired spans. 
Further, we will prove the following lemma similar to the Lemma 1.3 of Daphne Der-Fen Liu 
and Melanie Xie obtained in [7]. 


Lemma 3.1 Let P? be a cube path on n (n > 6) vertices with k = ["3+*|. Let {x1,2,...,0n} 
be a permutation of V(P3) such that for anyl <i<n-2, 


min{dp, (xi, ti+1), dp, (Ti41,2i¢2)} < 34 +1 


if k is even and the equality in the above holds, then the sum of the parity congruent to 0 under 
modulo 3. Let f be a function, f : V(P3) — {1,2,3,...} with f(v1) =1, and f(ai41) — f(xi) = 
k+1— d(aj, 2441) for all 1 <4 < n—1, where d(aj, 2441) = dps(x;,%i41). Then f is a 
radio-labeling for P?. 


Proof Recall, diam(P?) =k. Let f be a function satisfying the assumption. It suffices to 
prove that f(x;) — f(w:) >k+1—d(a;,x;) for any 7 >i+2. Fori=1,2,...,n—1, set 


fi = f (wit) — f(z). 


Since the difference in two consecutive labeling is at least one it follows that f; > 1. Further, 
for any 7 >7+ 2, it follows that 


fy) ~ JG) = i ee ee is 


d(xi41,2i42). (The proof for d(ri41,%i42) > 


2 i 2 
< #2. Let 2; = 41 = d wiy2 = 
ea a el Li = Va, Vit1 = Vo, ANG Vi42 = Ve- 


Suppose 7 = i+2. Assume d(2;, 2:41) 
d(xj, 2441) is similar. ) Then, A441, Vi42) 
It suffices to consider the following cases. 


Case 1: b<a<corc<a<b 


Since d(x, Li41) > d(xi41, Li42), we obtain d(x, Li41) = d(xi41, Li42) < ALS and dp,, (xi, Ui42) < 
2 so, d(x, ®i4+2) = 1. Hence, 


F(tize) — flats) = fit fisr 
= k + 1- d(x, 2i41) + k + 1- d(xi41, Vit+2) 


2+ 2-2(= 5") 


IV 


= k+1-1 
=> k +1— d(x;, Xj42) 


Case 2: a<b<corc<b<a 
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In this case, d(x;,2i42) > d(x;, Vi41) + U(xi41, Liz2) — 1 and hence 


f(xi+2)- f(vi) = fit firs 
= k4+1-—d(aji,vi41) +k +1 - d(xigi, vite) 
= 2k+2— {d(aj, vi41) + d(@i41, Li42)} 
= 2k+2- {d(aji,ri42) +1} 
= 2k+1—-—d(a%, x42) 
> k+1-—d(x;,2j42) 


Case 3: a<c<borb<c<a 


Assume min{dp, (14, Li41); dp, (@i41, Lit2)} <— 34 + 1, then we have A(2441, Vit2) < fte 


and by triangular inequality, 
A(x;, 242) > d(x, Gi41) — U(%i41, Li42) 
Hence, 
f(xit2)-—f(vi) = fit fir 
= k+1- d(x; Li41) +k+1- d(xi41, Vi42) 
= 2k+2—[d(xi, vi41) — d(xi41, Vi42)] — 2d(xi41, Zi42) 


> 2k Tr 2 = [d(xi, Xi+2)| = 2d(xi41, Xi42) 


k+2 
> 2k+2- d(x;, Li42) —2 (S) 


2 
= k—d(xj,xi+2) 


Therefore, 
F(xit2) — fai) = k+1—d(xi, 2:42) 


If min{dp, (@i, i141), dp, (Gi41, Vig2)} = 34 +1, then by our assumption, it must be that 
dp, (€i41, i42) = 34 +1 (so k is even) sand, sum of dp, (Xi, Li41) and dp, (i41, Li42) is 
congruent to 0 under modulo 3 implies that dp, (@;, 7:41) #0 (mod 3). Hence, we have 


d(xi, ti42) = d(x;, 2i41) — A(ti41, ize) +1. 
This implies 
F(tine)-—Fles) = fit fir 


= 2(k+1) — [d(zi, ri+2)] — d(rizi, Vite) — d(i41, Ti42) +1 
> 2k+2—2[d(xiz1, Viz2)] — d(vi, iz2) +1 


k+2 


2 
= k+1- d(x, Li42) 


Let 7 = i+ 3. First, we assume that the sum of some pairs of the distances d(x;, xi+1), 
A(xi41, Li42), d(xi+2, Li+3) is at most k +2. Then 
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A(xi, Fi41) + d(ri41, Vi42) + d(i42, Vit3) (K+ 2) +k = 2k+2 


and hence, 


f (tina) — f(x) 3k +3 — d(xi, vi41) — d(ti41, Tiz2) — (Tite, Tita) 
3k +3 — (2k +2) 


k+1>k+ 1 — d(a;, vi43). 


IV 


Next, we assume that the sum of every pair of the distances d(a;,7i41), d(vi41, Viz2) and 
d(xj42, 2:43) is greater than k + 2. Then, by our hypotheses, it follows that 
k+2 


and A(xi41, Vi+2) < =e (23) 


k 
d(x, Xi41), d(it2, Ti43) = 


Let 2; = Va, Ti41 = Ub, Vise = Vey Ti43 = Vg. Since diam(P?) = k, by equation 
(23) and our assumption that the sum of any pair of the distances, d(a;, 741), d(@i41, Vi+2), 
d(xj+42,%i+3), is greater than k + 2, it must be thata<c<b<d(ord<b<c<a). Then 


d(xi, 2:43) >= d( ay, 441) + A(ri42, Si43) — d(ai41, Fi42) — 1. 


So, 
d(xi,0i41) + d(ti41, 2i42) + d(ti42, 2143) < (ay, 2543) + d(tini, 2i42) +1 

k+2 

< d(xi, zits) + ee pee 
k 

= d(x;, Li+3) +o+ 2 
2 

By equation ??, we have 
f(xi+3s)— f(vi) = 3k +3 —d(ai, vi41) — d(ti41, Fi+2) — d(Ti42, Li+3) 
k 
> 3k+3-2-=- d(x;, 2i+3) 


2 
= k+1 — d(x;, 2i43). 


Let j = i+4. Since min{d(x;,2j41), A(j41, Li+2)} < ise 5 and fi = k+1—- d(x;, 2441) 
for any i, we have mar{ fi, fiai} > & for any 1 <i<n-—2. Hence, 


fagVaFON: ae Gehan Piet Tas 
> {r+ h+{a+5} 
7 2 2 
= BLS kl = de ae) 


To show the existence of a radio-labeling achieving the desired bound, we consider cases 
separately. For each radio-labeling f given in the following, we shall first define a permutation 
(line-up) of the vertices V(P?) = {a1,%2,...,2n}, then define f by f(a1) = 1 and for i = 
1,2,...,n—1: 

f(wi41) = f (wa) + diam(Ph) +1 — dps (wi, 41). (24) 
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For the case n = 0 (mod 6) 


Let n = 6p. Then k = ["3*] = 2p > & = p. Arrange the vertices of the graph P? as 


L1 = V3p+1, ©2 = V2, 3 = V3p43,---,Ln = V3p as Shown in the Table 1. 
Define a function f by f(a1) = 1 and for alli, 1<i<n-1, 
f(vi41) = f(ai) + 2p + 1 — dps (xi, 2:41) (25) 


The function f defined in equation (25) chooses the vertices one from the right of the central 
vertex and other from the left for the consecutive labeling. The difference between two adjacent 
vertices in P, is shown above the arrow. Since the minimum of any two consecutive distances 
is lesser than 3p+ 1 and equal to 3p+ 1 only if their sum is divisible by 3, by Lemma 3.1, it 
follows that f is a radio labeling. 


H=Vepa [3p-H Vy [3p+l aes 3p-2_, V5 3pH a 3p-2 FF 
—3PHl , eee —2Rtly bees 3p-2]_, (3pH]_, Yon [6p-1)_, . 
[3p+1 : ee 3p-2 ai 3pt+l 5 ae 3p-2 > Vy 3p+l eee 3p+l . 

YG p—4 ol, V3 p-2 we, YG p-1 fed, V3 on, V3 +4 HL. 
3ptl 5 Vie 3p-2 > Vo 3ptl » eee 3ptl > V6, 3p-2] V3 =X, 


Table 1: A radio-labeling procedure for the graph P? when n = 0 (mod 6) 


For the labeling f defined above we get 


Yo dei aie = =| (ie 


| 
a 
3 
bo 
+ 
~~ 
3 
| 
i) 


Therefore, 


f(tn) = (n-1)(diamP3 +1) - yy d(x;,£i41) + f(z1) 


lI 
— 
D 
Ss 
= 
YS 
— 
iw) 
S 


lI 
g 
+ 
bo 

| 
+ 
bo 


Hence, 
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rn(P3) < nde if n = 0 (mod 6) 


An example for this case is shown in Figure 9. 


vy Vo V3 V4 V5 V6 
_— Fis Fa (22) 
23 5 42 30 12 49 
(2). KY» Seen LE x0 X4 X16 
Vi2 V1 Yio Vo vg V7 
fae fa 
(* eae Se 2 a Xig = X6 = X12 
V13 V4 VI5 V6 V7 Vig 
a Oa OO Oo) 
45 33 15 52 40 22 
X15 ar 11 X5 X17 X13 x7 


Figure 9: A minimal radio labeling of the graph P},. 


For the case n = 1 (mod 6) 


Let n= 6p+1. Then k = [2+] =2p> f =p. Arrange the vertices of the graph P? as 


L1 = V3p+1, ©2 = V3, L3 = V3p44,---,Ln = Vep—1 as shown in the Table 2. 


Define a function f by f(a1) = 1 and for alli, 1<i<n-1, 


f(®it1) = f (vi) + 2p + 1 — dps (ai, vi41). (26) 


For the function f defined in equation (26), The minimum difference between any two adjacent 
vertices in P, is shown in Table 2 is less than 3p + 1 and equal to 3p + 1 only if their sum is 
divisible by 3, by Lemma 3.1, it follows that f is a radio labeling. 


= [3 p-2 3p+l 3p-2 3p+l 3p-2 
4 Vapdi St VR eV TO Gg pee Mg 
3 pt 3p-2 3p+l] 6p-l [3 p+l 3p-2 


SS ee ee ee 


3p+l 3p-2 3p-2 3p+l] [6p-l] [3p4l 
V5 ————> ¥3 546? 2 99 > V5 > YG p > vy = 
3p-2 3p+l 3p-2 3p-2] 3p+l _ 
V3 p42? V4? 3 p45 — _? 99° 7 V3n_ 9 —~ > _ VG 9-1 = Xn 


Table 2: A radio-labeling procedure for the graph P? when n = 1 (mod 6) 
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For the labeling f defined above we get 


21 


i=l 


Sawn = PA] ST (PPS 


Done 4] 


(5+ [=] e-9+ P| 


6p —1 
3 
1 


6p — 


(ao ]+ [FF] e-2+ P| 


= 2p+(2p+1)(p—2)4+2p—14 (2p+1)(p—-1 


) 


| 
| 


Pe 


3p +14 (2p4+1)(p—1)+4p+2 


= 6p?+6p—2. 
Therefore, 
f(tn) = (n=1)(diamP} +1) — S° d(ai, 2:41) + f(x) 
i=1 
= (6p)(2p +1) — (6p? + 6p—2)+1 
2 = 9 19 
= 6p?+3= DES Ey. 
6 

Hence, 


rn( P3) < at Bip 19 if n = 1 (mod 6) and n > 13 


An example for this case is shown in Figure 10. 


Figure 10: A minimal radio labeling of the graph P%o. 


For the case n = 2 (mod 6) 


Let n = 6p +2. Then k = [7+] =2p+1>3p4+2< 34 +1. Arrange the vertices of the 


graph P? as 2 = U3p+1, 2 = U6p4+2, 03 = V3p—2,+++,Tn = V3p43 a8 Shown in the Table 3. 


Define a function f by f(a,) =1 and for alli, 1<i<n-1, 


f(vi41) = f(vi) + 2p + 2 — dps (xi, 2:41) 


(27) 


For the function f defined in equation (27), the minimum difference between any two adjacent 


vertices in P,, is shown in Table 3 is not greater than 3p +1 and & is odd, by Lemma 3.1, it 


follows that f is a radio labeling. 
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#3 [3 p+l 3pt4 3p+l : 3p+4 3p+l 
M=V3p41 — __? Vopt2 —_? Y3p-27—_? Yp-1 — __” “3p-5 — 
3p+4 3ptl 3p+4] Bp+l] 

Yep-4 —____? 99% —~—— V3 545 7 Vy > V3 542 > V3 
[3 p+L 3pt4 3ptl 

a E Y6 p41 > V3, 3 > v 2 — V3 56 > Y6p-5 
3p+4 3p+4] [3p+l] (5] [Bp+l 

= Y3 »-9 eco > V3 > V3 +4 > V3 p-1 > Ve 
3p+4 sett 5 Soy) I > Ven 6 088 3pt4 i 
3 p+ 3p+4] 3p+l 

> V3 > 3943 =Xn 


Table 3: A radio-labeling procedure for the graph P? when n = 2 (mod 6) 


For the labeling f defined above we get 


i=l 


> d(i,tiz1) = (= 1 
| 


3 3 
= (Gp3) (pe (pad) Lips) (p= deepal ie 
2+ (2p+3)(p—1)+ (p+1) 
6p? + 8p 


Therefore, 


Figure 11: A minimal radio labeling of the graph P3,. 
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f(tn) = (n=1)(diamP} +1) —S° (ai, 2:41) + f(x) 
i=l 
= (6p+1)(2p+ 2) — (6p? + 8p) +1 
— 672 Scat n? +2n+10 
= 6p pt+3= 6 : 


Hence, 


rn(P3) < net ant10 if n = 2 (mod 6) 


An example for this case is shown in Figure 11. 
For the case n = 3 (mod 6) 


Let n = 6p +3. Then k = [25+] = 2p+1=> 3p+2< 341. Arrange the vertices of the 


graph p28 aS Ly = V3p41, 02 = Vep+2, 03 = V1,---,Ln = V3p+4 as Shown in the Table 4. 


Define a function f by f(a1) =1 and for alli, 1<i<n-1, 


f (xis) = f(vi) + 2p + 2 — dps (xi, 2:41) (28) 


For the function f defined in equation (28), the minimum difference between any two adjacent 
vertices in P,, is shown in Table 4 is not greater than 3p +1 and & is odd, by Lemma 3.1, it 
follows that f is a radio labeling. 


7 pt] [6p+t] [3ptl] pt] [6p+l] 
M=V3p41 — ___? Vept2. —? YW — —_? p42” Y6pa3 


[3p+l 3p-2 3p+l 3p-2 3ptl eee 
Vo ~~ V3 43 5 8G Vg 5 9g 
3p-2] Bp+l] [6p-4] [3p+l 3p—2 
Y6p-3 —? Y3p-1— ? “Sp — 2? V4 ~~? V3p45 > “V7 
3ptl 3p—2 3p-2] p+] 3p-l 


PS Vi ge OS VG ag 9 VG 


[3 p+L 3pt4 3pt+l 3p+4 3pt+l 
¥3p ————?  Ventt ———? 3 p-3 MG p-2 5p 
eee 3p+4] [3p+] Fs 
% p-5 347 ———— V3544 =Xy 


Table 4: A radio-labeling procedure for the graph P? when n = 3 (mod 6). 
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For the labeling f defined above we get 
Satvren) = PA] + [BR] PRE] + [BR] + 
ee lah 
(re alee eee 
Pe a ls eet 
= (p+1)+(2p+1)+(p+1)+ (p+1)(2p+1) + 


Cpe Da Depry 4+ p= er 
(2p + 1)(p — 2) + (p+ 1) + p+ (2p+3)(p—1) + (p +1) 


+ 1) 4 
+ 1) 4 


= 6p?+10p+1. 
Therefore, 
f(@n) = (n—1)(diamP3 + 1) - s d(xi, tit1) + f (21) 
w=1 
= (6p+2)(2p+ 2) — (6p? +10p+1)4+1 
= 6p +6p+4= cee, 
Hence, 


rn(P3) < nels if n = 3 (mod 6) 


An example for this case is shown in Figure 12. 


Figure 12: A minimal radio labeling of the graph P3, 


For the case n = 4 (mod 6) 


Let n = 6p +4. Then k = [+] =2p+1> 3p+2< 34 +1. Arrange the vertices of the 
graph Pe aS L1 = V3p41,2 = Vep4+2, 03 = V3p—2,--+,Ln = Vep+4 aS Shown in the Table 5. 
Define a function f by f(a,) = 1 and for alli, l<i<n-1, 


f (vit) = F(@i) + 2p + 2 — dps (ai, vi41). (29) 
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For the function f defined in equation (29), the minimum difference between any two adjacent 
vertices in P,, is shown in Table 5 is not greater than 3p + 4 and & is odd, by Lemma 3.1, it 
follows that f is a radio labeling. 


a [3 p+] [3 p+4] [3pt+l 3pt4 
M=V3n41 — _? VOpt2 — ? V3p-2 — ? Vpt ———? V3p-5 
3ptl 3pt4 3ptl ee 3ptl 3pt+4] 
—— 6p-4 ———? 3p-8 ? > Vang YW 
[3 p+2] [Bptl 3pt4 3ptl 3pt4 
Se V8 53 > Vo > V3 946 ao > eee 
3pt+4 3p+l 3 p+] [3 p+1] [3 p+2] 
> Yep ? V3 p-1 ? Y6 p43 > V3 p42 > Ven+4 
[3p+4 3ptl 3pt4 3ptl 3pt4 
> v > Veptl1 —? VY3p-3 — ? YOp-2. —__? ¥3p-6 
3ptl 3pt4 3 p+] 2 
888 3 547 > V3 > V3n44 = Xp 


Table 5: A radio-labeling procedure for the graph P? when n = 4 (mod 6). 


For the labeling f defined above we get 


Yao re - a | [See] 4 (fe*] 4 [2 4]) o ie 
(elle maleate 
(alice) 2 


3 
= (p+1)+(p+2)+ (2p+3)(p—-1) + (Ht+1) + (2p4+3)pt+ 
(p+ 1) + (p+ 1) + (2p +3)p = 6p? + 12p + 3. 
Therefore, 
f(an) = (m—1)(diamP} +1) — S© d(wi, 2:41) + f(21) 
4=1 
= (6p+3)(2p+ 2) — (6p? + 12p +3) +1 
2) Db] 
= 6° peta a m+ B. 
6 
Hence, 


rn(P3) < ea if n = 4 (mod 6) 
An example for this case is shown in Figure 13. 
For the case n = 5 (mod 6) 


Let n = 6p+5. Then k = [2] =2p+2> 3p+4< 34 +1. Arrange the vertices of the 


graph P? as 21 = U3p+3, C2 = V2,L3 = U3p46,+-+,Ln = V3p44 as shown in the Table 6. 
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Figure 13: A minimal radio labeling of the graph P%. 


Define a function f by f(a1) =1 and for alli, 1<i<n-1, 
f(xiti) = f(vi) + 2p +3 — dps (xi, Li41) (30) 


For the function f defined in equation (30), the maximum difference between any two adjacent 
vertices in P,, is shown in Table 6 is less than or equal to 3p + 4 and the equality holds only if 
their sum is divisible by 3, by Lemma 3.1, it follows that f is a radio labeling. 


= [3p+l 3pt4 3ptl 3pt+4 3ptl soe 
M=V3543 Ye 85 OS TP tg TP 


3ptl 3p+4] [3ptl] [3p+3] Bp+4 
> 3-1 Yon 43 “V8 pt “YM pt 5 tt 


3ptl 3pt+4 3ptl 3pt4 coe 3pt+4 
— > Yept2 — ? V3p-2 — > Yop —_? ee VA 


3p+t] [3p+4] [6 p+3] [3p+4 3ptl 
TS oe apt SY Sere Mepedi ee M8 ee Vi a 
3pt+4 3ptl 3pt4 3ptl ‘vie 3p+l 
—? %3p-3 ——_? Yp-2. —___? %3p-6 — > ¥3 p47 
3pt+4 3 p+] 


ne a EL YS 


Table 6: A radio-labeling procedure for the graph P? when n = 5 (mod 6) 

+ 4 3p+1] [3p+3] 
3 3 

+ 1 6p +3 

3 


1 
2p + 3)p + (p+1) + (p+1) + (2p+ 1)pt (p+ 2) + 
2p + 1) + (2p +. 3)(p) = 6p? + 14p + 5. 


For the labeling f defined above we get 
3pt+1 
3 
3pt+4 
3 


3p + =| 


n 


ys d(x;, Li41) 


i=l 


I 


3p 
3 
3p 
3 


3p 


(p) 
(p) 
5 (p) 


| 
| 
| 
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Therefore, 
f(tn) = (n=1)(diamP} +1) — S° d(x, 2:41) + f(x) 
i=1 
= (6p+4)(2p+3) — (6p? +14p +5) +1 
249 1 
= 6p?+12p+8= — 
Hence, 


rn(P3) < nepeatds if n = 5 (mod 6) 


An example for this case is shown in Figure 14. 


Figure 14: A minimal radio labeling of the graph P33. 


84. Radio labeling of P? for n <5 orn=7 
In this section we determine radio numbers of cube path of small order as a special case. 
Theorem 4.1 For any integer n, 1 <n <5, the radio number of the graph P? is given by 


eee n, tf n=1,2,3,4 
8, if n=5,7 
Proof If n < 4, the graph is isomorphic to K,, and hence the result follows immediately. 
Now consider the case n = 5, we see that there is exactly one pair of vertices at a distance 2 
and all other pairs are adjacent, so maximum value of + d(x;,%i41) =2+14+141=5. 
Now, consider a radio labeling f of P? and label the vertices as 1, %2, 13,4, 25 such that 


f(a:) < f(vi4i), then 


4 


f(tn) — f(ai) > (n= 1)(diamP3 +1) — SO d(2x;, vi41) 
> 4(3)-5=7 
=>f(tn) > 7+ f(t) =8 
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Figure 15: A minimal radio labeling of P3. 
includegraphics[width=8cm]figlast2.eps 


Figure 16: A minimal radio labeling of P? 


On the other hand, In the Figure 15, we verify that the labels assigned for the vertices serve as 
a radio labeling with span 8, so rn(P3) = 8. 

, similarly if n = 7, then, as the central vertex of P? is adjacent to every other vertex, 
maximum value of 37°i = 1d(a;,2i41) = 2x 5+1= 11. So, as above, f(an) > (6)(2+ 1) — 


11+1=8. The reverse inequality follows by the Figure 16. Hence the theorem. 
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